The Mexican Migration Project (MMP) is a study that includes samples of undocumented Mexican immigrants to the United States after their return to Mexico. Of particular interest are the departure and return dates of a sampled migrant's most recent sojourn in the United States, and the total number of such journeys undertaken by that migrant household, for these data enable the construction of data-driven undocumented immigration models. However, such data are subject to an extreme physical bias, for to be included in such a sample, a migrant must have returned to Mexico by the time of the survey, excluding those undocumented immigrants still in the US. In our analysis, we account for this bias by jointly modeling trip timing and duration to produce the likelihood of observing the data in such a "snapshot" sample. Our analysis characterizes undocumented migration flows including single visit migrants, repeat visitors, and "retirement" from circular migration. Starting with 1987, we apply our models to 30 annual random snapshot surveys of returned undocumented Mexican migrants accounting for undocumented Mexican migration from 1980-2016. Contrary to published estimates based on these same data, our results imply migrants remain in the US much longer than previously estimated based on analysis that ignored the physical snapshot bias. Scaling to population quantities, we produce lower bounds on the total number of undocumented immigrants that are much larger than conventional estimates based on US-based census-linked surveys, and broadly consistent with the estimates reported
Introduction and Motivation
The number of undocumented immigrants that reside in the United States is one of the most important and controversial quantities at the heart of the US immigration debate. For many years, estimates produced by organizations like the Pew Research Center in the neighborhood of 11 million undoc- Residual method estimates of the size of the undocumented population have been questioned, however, due to the fact that persons in the United States illegally have strong incentives not to cooperate with government surveys. That the missing data rates for questions regarding place of birth are much higher than for less troublesome questions such as age or gender lends credibility to this concern (Kaplan, 2019). For example, in the 2017 version of the American Community Survey, only 1.7% of survey participants refused to provide their age, in contrast with 9.3% who refused to provide their place of birth (https://www.census.gov/acs/www/methodology/samplesize-and-data-quality/item-allocation-rates/). While statistical imputation methods are employed to adjust for such missing data, those methods presume that data are missing at random (Andridge and Little, 2010) . When data regarding place of birth is sought from potentially undocumented immigrants, however, one must at least suspect that missing data are missing on purpose.
Rather than relying upon the residual method, Fazel-Zarandi, Feinstein and Kaplan (2018) That model estimated conservatively that as of the end of 2016 there were at least 16.7 million undocumented immigrants in the US, while over one million simulations accounting for parameter uncertainty, the mean population estimate was 22 million, essentially twice the results based on the residual method.
These new estimates were themselves criticized for presumably underestimating undocumented immigrants' voluntary emigration rates out of the US. Providing such a model and performing the attendant statistical analysis is the goal of this paper. We construct a new probabilistic model of undocumented migration flows back and forth across the southern border that allows estimation of the number of migrants on either side. The model allows for both solitary migrants, that is, those who take only a single trip to the US over all time, and circular migrants, who make multiple repeat visits to the US (e.g. as seasonal laborers). Given this model, we can determine the conditional characteristics of the migrant population that would be found in a snapshot sample administered in Mexico, and work backwards via maximum likelihood estimation to recover the features of the entire migrant population. While our model was developed specifically with the MMP data in mind, our methodological approach could be applied more generally to population snapshot samples in other settings, thus the methods are of independent interest. Nonetheless, our numerical results based on the MMP are of special relevance given the ongoing immigration debate in the US. To preview our major findings, we find that from 1980 through roughly 2005, undocumented immigration to the US across the southern border was dominated by circular migrants who spent relatively short spells in the US. Kaplan (2018) , further calling into question the more commonly reported results based on the residual method.
Our paper proceeds as follows: in the next section, we provide more background information on the MMP dataset we will study. Then in Section 3, we provide a high level overview of the model to follow. The mathematical formulation and derivations involved in our model unfold over Sections 4 through 8. Section 9 derives in detail the likelihood functions that correspond to the trip departure and sojourn time data involved in the MMP surveys. Section 10 develops a novel submodel for the average number of trips per migrant observed in an MMP sample, based on the true average number of trips to date among circular migrants in the population as well as the population split between solitary and circular migrants, and uses this model to recover the level of repeat trips in the population from the number of trips reported in the snapshot sample. Section 11 reports the complete statistical estimation and parameterization details employed in our analysis, while Section 12 presents our findings both graphically and numerically in light of earlier research regarding undocumented immigration to the United States.
Data Source: Mexican Migration Project
The Mexican Migration Project (MMP) is a rich dataset that has been used in a variety of academic studies regarding migration to the United States from 
Solitary Migrant Departures
We first consider solitary migrants, that is, those who make only a single un- 
Note that as all migration in presumed to begin at t = 1, we have N S (0) ≡ 0 and consequently h S (1) ≡ 1. Equation (1) implies the recursion
with solution
We also define f S (t), the fraction of all solitary migration trips to the US that depart from Mexico in year t, as
This enables an alternative representation of h S (t) as
We estimate f S (t) from the data, yielding estimates for h S (t) as well via equation (5) .
Circular Migrant Departures
Next we consider circular migrants. Following any stay in the United States, circular migrants return to Mexico where, with probability q, they retire and forever refrain from further undocumented migration, but with probability 1 − q remain active and available for additional migration visits. The parameter q is estimated from the data. From the population of all migrants traveling between 1980 and 2016, we define N C (t) as the cumulative fraction that migrated at least once up to and including year t (including both retired and active migrants) and
consists solely of circular migrants. The total fraction of the migrant population that traveled to the United States between 1980 and 2016 and is circular, N C (τ ), equals 1 − φ (as all migrants are either solitary or circular in this model).
Unlike solitary migrants, circular migrants average more than one visit to the US (indeed via the retirement assumption, the average number of undocumented migration visits to the US for circular migrants is equal to 1/q). Circular trip timing is heavily dependent upon the average number of migration visits taken to date among circular migrants. We define m C (t) as the average number of trips taken from years one through t over all circular migrants who have traveled by year t, whether active or retired. As we assume the migration process begins in year 1, we must have m C (1) = 1; also we must have m C (t) ≥ 1 as all circular migrants in the population as of time t have taken at least one trip.
The parameters m C (t) will be estimated from the data.
Unlike solitary migrants, where the number of migrants equals the number of trips, with circular migrants one must distinguish people from migration episodes. Circular migrant departure rates are defined via the circular migrant trip hazard h C (t), which is obtained via
Note that the right-hand side of equation (6) reports the (relative) number of circular trip departures that occur in year t. Equation (6) implies the recursion
We also define f C (t), the fraction of all circular migrant trips to the US that depart from Mexico in year t, as
This enables an alternative representation of h C (t) as
We estimate f C (t) from the data, yielding estimates for h C (t) as well via equation (10).
Active Circular Migrants: Rookies and Repeaters
Within the circular migrant population, we have already distinguished between active and retired migrants. Among active circular migrants, we need to further distinguish between those embarking upon their first trip (rookies), and those taking a subsequent trip (repeaters). At time t, the fraction of all migrants who are circular rookies by virtue of embarking on their first trip to the US, n C (t), is given by
Recalling from equation (6) the (relative) total number of circular migrant trip departures, the number of repeat circular departures in year t, R(t), is found by subtracting out the rookie trips, that is
We assume that circular repeaters who depart for the US at the beginning of year t are selected at random from among all active circular migrants in Mexico at the end of year t − 1, as will be formalized shortly. 
and
Both of these distributions will be estimated from the data. Note that we restrict sojourn times to at most equal 37 years, which is the maximum time observable in the data (from 1980 through 2016). This is a conservative assumption in that restricting sojourn times to fall less than or equal to 37 years will produce a lower bound on the estimated number of undocumented immigrants in the United States.
Five Migrant Subpopulations
Of all migrants who ever traveled to the United States between 1980 and 2016, the fraction that departed up to and including year t is equal to
the sum of the (relative) number of solitary and circular migrants who have traveled by year t. This fraction can be decomposed into five mutually exclusive subpopulations:
(1) solitary migrants in the US at the end of year t, denoted by P S (t);
(2) solitary migrants who have returned to Mexico by the end of year t, given by N S (t) − P S (t);
(3) circular migrants in the US at the end of year t, denoted by P C (t);
(4) circular migrants who have returned to Mexico and retired (i.e. quit) by the end of year t, denoted by Q(t); and (5) circular migrants who have returned to Mexico and remain active and available for further travel, given by N C (t) − P C (t) − Q(t).
N S (t) and N C (t) have been deduced as equations (3) and (8) respectively. It remains to specify P S (t), P C (t), and Q(t).
Solitary Migrants in the United States
The fraction of all migrants who are solitary and residing in the United States at the end of year t follows from the convolution of solitary departures with the solitary sojourn time distribution, and is given by
where
Note that equation (15) 
Circular Migrants in the United States
The circular migrant population residing in the United States at the end of year t is similarly defined as
Note that equation (17) accounts for both rookie and repeat circular migrants as discussed earlier.
Retired Circular Migrants in Mexico
The relative size of the retired circular migrant population can be easily com- ously not yet completed their most recent trip. Given that any circular migrant retires with probability q following return to Mexico, the fraction of all migrants who are circular and have retired from further migration by the end of year t, Q(t), is given by
Active Circular Migrant Behavior
Next we detail how we model the repeat-trip taking behavior of active circular migrants. Equation (12) presents the frequency of repeat trips at the start of year t, R(t), as the difference between total and rookie circular migrant departures. We assume that the active circular migrants who embark on such repeat trips at the start of year t are selected at random from active circular migrants resident in Mexico at the end of year t − 1. More formally, let ρ(t) be the repeat trip probability at the start of year t. We define ρ(t) as
, t = 1, 2, ..., τ . year t. An important consequence is that having returned to Mexico at the end of, say, year t − j, the probability an active circular migrant refrains from subsequent travel from year t − j + 1 to year t, ν(t − j + 1, t), is given by
Since the migration process begins in year 1, no repeat travel is possible in year 1, that is, ρ(1) = 0. Equation (20) will prove to be very important in writing down the likelihood of observing trip departure and return data for circular migrants. 15) and (17) as
Conditional upon being in Mexico in year t, the probability that an MMP sampled migrant was solitary, departed to the US at the start of year t − i + 1, and sojourned for j ≤ i years before returning to Mexico at the end of year t − i + j, L S (i, j, t), is given by
, ..., 37; i = 1, 2, ..., t; j = 1, 2, ..., i.
The conditional probability that an MMP sampled migrant in year t was a circular repeater, most recently departed to the US at the start of year t − i + 1, sojourned for j ≤ i years before returning to Mexico at the end of year t − i + j, and remained in Mexico from the start of year t − i + j + 1 to year t, L >1 C (i, j, t), is given by
, ..., 37; i = 1, 2, ..., t − 1; j = 1, 2, ..., i.
(23)
Note that the index i runs to t − 1 since if the migration process began in 1980, it is not possible for a trip in that year to be a repeat trip (equivalently L >1 C (t, j, t) = 0) . Also note that for the observed departure and sojourn times to correspond to the circular migrant's most recent trip, it must be that the migrant in question did not travel between years t − i + j + 1 and t inclusive, for had such travel occurred, then the observed trip could not have been that migrant's most recent! Finally, note that there are two ways a returned circular migrant could remain in Mexico until year t post-return in year t − i + j: either by retiring from further travel (with probability q), or by remaining active (with probability 1 − q) but refraining from repeat travel between years t − i + j + 1 and t (with probability ν(t − i + j + 1, t)).
Finally, the conditional probability that an MMP sampled migrant in year t was a circular rookie, traveled to the US at the start of year t − i + 1, sojourned for j ≤ i years before returning to Mexico at the end of year t − i + j, and remained in Mexico from the start of year t − i + j + 1 to year t, L 1 C (i, j, t), is given by
(24)
Via the migration population model,
for every migrant sampled is either solitary, a circular repeater, or a circular rookie.
To build the data likelihood of observing the 3,480 departure and sojourn times sampled, note that the conditional probability of observing a confirmed circular repeater is given by L >1 C (i, j, t), while the conditional probability of observing a migrant who made a single trip equals L S (i, j, t)+L 1 C (i, j, t), the sum of the solitary and circular rookie probabilities. Presuming independence across the MMP samples, the resulting trip departure/sojourn time data likelihood, L f ,a , is thus given by 
Mean Trips Among Circular Migrants in the United

States
Recall that in year t, there are 1) ). At the end of year t, there are P C (t) circular migrants in the United States, and the total number of trips to date experienced by those migrants must be given by the total trips those migrants "carried" with them to the US in each of years 1 through t. This implies that the average number of trips to date among circular migrants in the US at the end of year t, m C|U S (t), must equal
We have thus shown how, given the average number of trips to date among active circular repeaters in Mexico, one can compute the average number of trips to date among circular migrants in the United States.
Mean Trips Among Retired Circular Migrants
Let D C (t) denote the relative number of circular migrant returns from the US back to Mexico at the end of year t. A fraction q of these returns retire, thus the population of retired migrants in Mexico at the end of year t, Q(t), evolves according to
However, Q(t) is already known from equation (18), which means that we can recover the number of circular returns from Mexico in year t as
In a manner similar to equation (27), we calculate the average number of trips to date among retired circular migrants, denoted m C|Q (t), by carrying the average trips to date among returning circular migrants from the US. While in principle we could make a more complicated exact calculation by keeping track of circular migrant arrival and sojourn times in the US, instead we approximate by treating returning circular migrants as randomly sampled inside the US. We thus employ the return-weighted average of trips to date among circular migrants in the US to approximate m C|Q (t), that is, we set
We expect this approximation to work well for as will be seen, circular migrant sojourn times tend to be short. Equation (30) thus shows how we compute the average number of trips to date among retired circular migrants from mean trips to date among circular migrants in the US.
Mean Trips Among Active Circular Migrants in Mexico
To complete mean trip calibration requires computing the mean number of trips to date among active circular migrants in Mexico, m C|Active (t). Suppose that we know the average number of trips to date, m C (t), over all N C (t) circular migrants. Clearly m C (t) must be the population-weighted average of the conditional average number of trips to date over the three circular migrant subpopulations, that is,
Mean Trips Among Migrants In Mexico
Recall that the MMP data enable estimation of the mean number of trips to date among migrants sampled in Mexico, which includes active and retired circular migrants as well as returned solitary migrants. The population average number of trips to date over migrants in Mexico at the end of year t, m M exico (t), is again a population-weighted average, but now over the migrant populations in Mexico. As trips to date among solitary migrants always equal one, we have
mean trip calibration data likelihood L m is given by
where N (x|µ, σ 2 ) is the value of a normal density with mean µ and variance σ 2 evaluated at x.
Maximum Likelihood Estimation and Parameterization
The total likelihood function to be maximized is
To accomplish this, as is common in practice, we maximized the logarithm of the likelihood function, given by
This maximization is over the parameters φ, q, f S (t), a S (t), f C (t), a C (t), and m C (t), t = 1, 2, ..., 37. Individual sojourn time probabilities are estimated for a S (t) (respectively a C (t)) for t = 1, 2, ..., 20. Owing to data sparsity, we constrain the sojourn time probabilities a S (t) (respectively a C (t)) to equal the values a >20 S (respectively a >20 C ) for t = 21, 22, ..., 37. All probabilities are con-strained to be non-negative, with 
Results
The estimated fraction of all migrants who are solitary is given by φ = 0.63 (95% CI: 0.52, 0.74). However, the mean number of circular migrant trips made by the end of 2016 is estimated as m C (37) = 2.09 (95% CI: 1.91, 2.27), so while circular migrants only account for a bit over a third of all migrants, they are estimated to be responsible for a fraction Given this increase in border security, migrants who were able to successfully enter the United States were more likely to remain for longer periods of time. to the contention that there are many more undocumented immigrants in the United States than has been appreciated to date.
